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1 Introduction

This document provides a comprehensive plan for extending and refining cur-
rent mathematical techniques and computational technologies to study the ex-
otic objects constructed in previous work. These objects include noncommu-
tative fields, derived motives, and non-standard L-functions. We outline the
necessary mathematical innovations, propose enhancements to existing compu-
tational tools, and suggest how to refine current technologies to extract and
analyze information from these exotic structures.

2 Mathematical Innovations

2.1 Noncommutative Algebraic Geometry

Noncommutative algebraic geometry extends the principles of classical algebraic
geometry to noncommutative settings. This new field is essential for understand-
ing the automorphic forms and spectral properties associated with noncommu-
tative fields.

Definition: Noncommutative Variety

Let NCFg be a noncommutative field. A noncommutative variety over NCFg
is a ringed space (X, Ox) where:

e X is a topological space.
e Ox is a sheaf of noncommutative NCFg-algebras on X.

The structure sheaf Ox assigns to each open set U C X a noncommutative
NCFg-algebra Ox (U).

Definition: Noncommutative Schemes

A noncommutative scheme is a locally ringed space (X, Ox) where each stalk
Ox » is a noncommutative local ring, and (X, Ox) satisfies the gluing conditions
for a sheaf.

Theorem: Existence of Noncommutative Varieties



For any noncommutative field NCFq, there exists a noncommutative vari-
ety X such that the sheaf of algebras Ox defines a noncommutative scheme
structure.

Proof:

The construction follows by considering the affine cover of X and assigning
noncommutative NCFg-algebras to each affine open set. The gluing data ensures
that Ox satisfies the conditions of a noncommutative sheaf, and the resulting
structure is a noncommutative scheme. W

2.2 Higher Category Theory

Higher category theory, particularly the theory of oo-categories, provides the
appropriate framework for studying derived motives and higher-dimensional al-
gebraic geometry.

Definition: oco-Category

An oo-category is a category where morphisms between objects themselves
form categories, allowing for higher-dimensional analogues of homotopies.

Definition: Derived oco-Category

Let X be a smooth projective variety over Q. The derived oo-category
D> (X) is defined as the co-category obtained by localizing the category of chain
complexes of sheaves of Q-modules on X with respect to quasi-isomorphisms.

Theorem: Existence of Derived oco-Categories

For any smooth projective variety X over Q, there exists a derived oo-
category D>°(X) that generalizes the classical derived category D(X).

Proof:

The existence of D>°(X) follows from the construction of co-categories by
localizing the homotopy category of chain complexes. The derived oco-category
retains all the information of the classical derived category while allowing for
the incorporation of higher homotopies. B

2.3 Non-Standard Analysis and Model Theory

Non-standard analysis and model theory provide tools for handling infinite-
dimensional objects and non-classical structures.

Definition: Non-Standard Model

A non-standard model M of Q is a structure that includes infinitesimal and
infinite elements that extend the standard model Q.

Definition: Non-Standard Field

Let F3¢ be the field of infinite-dimensional power series over Q in the non-
standard model M, defined as:

(o)
Fyf = gaiel
i=1

Theorem: Properties of Non-Standard Fields
The non-standard field £} has the following properties:

a; € Q, e is an infinitesimal in M}
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